Math Analysis — Precalculus, Sullivan 10t Edition

Section 4.4 — Polynomial and Rational Inequalities

Solving a Quadratic Inequality

In this section, you will solve inequalities that involve polynomials of degree 2 and higher, along with inequalities
that involve rational functions. The approach follows the same methodology that we used to solve inequalities
involving quadratic functions in Section 3.5.

To solve these polynomial inequalities rearrange them so that the polynomial is on the left side and 0 is on the
right side. Factor the polynomial, use the zeros to divide the real number line into intervals, choose test numbers
in each interval, and evaluate each factor to see if it is positive or negative.

Example 1: Solve x?> —x—-20>0
Old method:
(x+4)(x-5)>0 = Both factors are positive or negative

X+4>0and x-5>0 OR x+4<0 and x-5<0

X>-4 and x>5 X<—4 and x<5

= x>5 = x<-4 =>The solutionis {x | x<—-4 or x>5}

Graph: —tt+—t+—+——+——+——+—+—+—+—+—+—+—+—+—+>

-8 -6 —4 —2 0 2 4 6 8
OR: New method:

(x+4)(x-5)>0 Separate the number line into three intervals based on the zeros
Zeros at: —0<X<—-4) —-4<x<5 5<X<w
(x+4)(x-5)=0 X+4 - + +

=> x+4=0o0or x-5=0 X-5 - - +
x=—4 or x=5 (x+4)(x-5) \ + ) - +

You want x? — x —20 >0, so circle the columns with the positive (+) sign in the bottom row.
=> The solutionis {x | x<—-4 or x>5}.

Graph:  «+———+—+—+—+—+—+—+—+—+—+—1
-8 -6 4 -2 0 2 4 6 8

Example 2: Solve x2 <3x+10

x? -3x-10<0 Separate the number line into three intervals based on the zeros
(x=5)(x+2)<0 —0 < X< =2 -2<x<5 E<x<w

Zeros at: X+2 - + +
(x=5)(x+2)=0 X-=5 - - +

=> x-5=0 or x+2=0 (x-5)(x+2) + k — ) +

XxX=5o0r x=-2

You want x? —3x—10<0, so circle the column with the negative (—) sign in the bottom row.
You can have equality, so include the endpoints.  => The solutionis {x | —2<x<5}.

Graph: ¢«—~+———+—+——+—+—+—+—+—+—+—+—+—+—+—+—
-8 -6 4 -2 0 2 4 6 8

But what if the equation has no real solution?

Theorem: If p is a polynomial and the polynomial equation p(x) =0 has no real solutions, the polynomial is
either always positive or always negative.

Example 3: x? +x+2=0 has no real solutions (discriminant b2 — 4ac = =7).

It is a parabola that opens upward (since the coefficient on the x2 term is positive).
Test a point, say, x =0: p(0) =2, a positive number

=> By the theorem, x? +x+2>0 for all .
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Math Analysis — Precalculus, Sullivan 10t Edition

Section 4.4 — Polynomial and Rational Inequalities (continued)

Example 4: Solve the inequality x> <x?.
x®-x2<0
x2(x3-1)<0 Recall:
%2 (X -1)(x2 +x+1) <0 a® -b% =(a-b)(@® +ab+b?)
Zeros at: x2(x—1)(x2 +Xx+1)=0

2 x?>=0 or x-1=0 or x?2+x+1=0

x=0 or x=1 discriminant: use the Theorem (on Pg 1):
b2 —4ac =1% —4(1)(1) disc<0 test x = O
=1-4 = no real solution p(O):02+0+l
=-3 =0+1
=1
>0

2

So, by the theorem, x“ + x +1 is always positive (no zero).

Separate the number line into three intervals based on the zeros:

O<x<1 l<Xx <o
x2 + +
x-1 - +
X2+ x+1 + + +
X2 (X —1)(x? + x+1) \ - ) l\ _)— +

You want x2 (x—l)(x2 +X+1) <0, so circle the columns with a negative (—) sign in the

bottom row. You can have equality, so include the endpoints. Thus, for x®> <x?, the solution
is {x | X < 1} in set notation or (- «,1 ] in interval notation.

Graph: «—+—+—+—+—+—+—+—+—+—+—+—+—+—+—+—+—+>
-8 -6 4 -2 0 2 4 6 8

Follow a similar process for solving a rational inequality. The sign of a rational expression depends on the sign of
its numerator and the sign of its denominator.

(x+2)(4—x)>0.
(x-1)?

Numerator Zeros at: (X +2)(4 —x) =0 or Denominator Zeros at: (x—l)2 =0
= X+2=0 or 4—-x=00r x-1=0

X=-2 or x=4 or x=1

Example 5: Solve Domain: {x| X # 1}

Separate the real number line into intervals using the zeros of the numerator and the denominator

—w<x<-2 [-2<x<1) (1<x<4) 4d<x<ow
X+2 - + + +
4-—x + + + -
(x—l)2 + + + +
X+2)(4-X
( 1 2 b L + J\ t -
(x-1)
(x+2)(4-x)

You want >0, so circle the columns with a positive (+) sign in the bottom row.

(x—1)
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Math Analysis — Precalculus, Sullivan 10t Edition

Section 4.4 — Polynomial and Rational Inequalities (continued)

Example 5: (continued)
Thus, (x+2)(4-x)

> >0 has the solution {x|—2<x<4, x¢1}.
(x-1)

Steps for Solving Polynomial and Rational Inequalities:
1) Write the inequality so that a polynomial or rational expression f(x) is on the left side and zero is on the

right side in one of the following forms:
f(x)>0 f(x)=0 f(x)<0 f(x)<0
For rational expressions, be sure that the left side is written as a single quotient, and find the domain of f.

2) Determine the numbers at which the expression f(x) on the left side equals zero and, if the expression is
rational, the numbers at which the expression f(x) on the left side is undefined.

3) Use the numbers found in step 2 to separate the real number line into intervals.

4) Select a number C in each interval and evaluate f(x) at the number.
a) If the value of f(C) is positive, then f(x) > 0 for all numbers x in the interval.
b) If the value of f(C) is negative, then f(x) <0 for all numbers x in the interval.
If the inequality is not strict (= or <), include the solutions of f(x) =0 that are in the domain of f in the
solution set. Be careful to exclude values of x where f is undefined.

The following are Example 2 and Example 4 from the textbook.

[_ EXAMPLE 2 ] How to Solve a Polynomial Inequality Algebraically

Solve the inequality x* > x algebraically, and graph the solution set.

0 < x <1, f(x) will be negative, Similarly, we know that f(x) will be posits
for x > 1, since the multiplicity of the zero 1 is odd. Therefore, the solution sep

R SR % Rirgey” = 1 . . 4
x" > xis {x|x < 0orx > 1} or, using interval notation, (-20,0) U (1, co) ot
- U4 ':r
This inequality is equivalent to the one we wish to solve.
PR ; T —
BYen 2: Determine the real zeros Find the real zeros of f{x) = x' — x by solving x* — x = 0.
B teroepts of the graph) of £
& H-x=0
x(x*—1) =0 Factoroutx
x(x - NEE+x+1) = Factor the difference of two cubss.
tr=0 or x-1=0 or ¥*+x+1=0 Seteah factor equal to zero and solve.
x=0 or x=1
The equation x> + x + 1 = 0 has no real solutions. Do you see why?
#p 3: Use the zeros found In Use the real zeros to separate the real number line into three intervals:
Bty 2 to divide the real number lins
- " (—oce,0) (0,1) (1, 00)

Nto Intervals
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Math Analysis — Precalculus, Sullivan 10t Edition
Section 4.4 — Polynomial and Rational Inequalities (continued)

ftep 4: Select a number In each Select a test number in each interval found in Step 3 and evaluate f(x) = x* — xat
rval, evaluate fat the number, each number to determine whether f(x) is positive or negative. See Table 14,
Id determine whether f(x) is

itive or negative. If f(x) Is positive,
liValues of fin the interval are . %
pitive. If f(x) Is negative, all values Table 14 2550 1 =
i In the Interval are negative. —— -

Since we want to know where f(x) is positive, conclude that f(x) > 0 for all
i (thomoquainylsnotetrict(that o forwhich x < Oorx > 1. Because the original inequality is strict, numbers ¥
) that satisfy the equation x* = x are not solutions. The solution set of the inequality
x* > xis {x|x < 0orx > 1) or, using interval notation, (—00,0)U(1, ).
Figurc 42 shows the graph of the solution set. ®

The Role of Multiplicity in Solving Polynomial Inequalities

In Example 2, we used the number — 1 and found that f(x) is positive for all x < 0.
Because the “cut point” of 0 is the result of a zero of odd multiplicity (x is a factor to
the first power), we know that the sign of f(x) will change on cither side of 0, so for

0<x<1, f(x) will be negative. Similarly, we know that f(x) will be pog
Im‘.r = 1, since the multiplicity of the zero 1 is odd. Therefore, the mlulmn ]
x* > xis [x|x < 0orx > 1} or, using interval notation, (—o0,0) U (1, 00

( EXAMPLE 4 ] How to Solve a Rational Inequality Algebraically

3 +13x + 9
(x +2)*

Solve the inequality = 3 algebraically, and graph the solution set.

tep-by-Step Solution Rearrange the inequality so that 0 is on the right side,
ep 1: Write the Inequality so that 3x2+l3x+953
: rational expression fis on the left (x +2)?

'deandzemzsont.hcrightsua

2 3+ 13x + 9 R R |
) S Su act om both sides of e mequality;

X4 4x + 4 Expand (x + 2)°

3+ 13x + 9 2+ 4x+4 o+ Act 4
- =0 Mutiply 3ty 55—

Ptac+4 0 24dxta Xk Ax 4

3 H 13 +9-3" - 12x— 12
P +ac+4

= 0 Writeas asingle quotient,

xr—3

-(x—+2)—2' = 0 Combine like terms.
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Section 4.4 — Polynomial and Rational Inequalities (continued)

A 5 is 3. Also, fis undefined for x = -2,

The zero of f(x) = T—z)

alues found In Step 2 to dMde the
real number line Into Intervals,

Use the zero and the undefined value to separate the real number line into three
intervals:

("m- -2) (_2' 3) (3¢ m)

Step 4: Select a number in each
interval evaluate f at the number,
féind determine whether f(x) Is positive
or negative. if £(x) Is positive, all
Values of fin the Interval are positive.
IF #(x) I negative, all values of fin

the Interval are negative.

NOTE If the Inequality Is not etrict
= or =), Include the solutions of
1¥) = 0in the solution set. "

ey O Y =, S B AR |

Rl
o 2 4 87%

)

Flgure 44

All material has been taken from

Ch4Sec4

Seclect a test number in each interval from Step 3, and evaluate f at each number to
determine whether f(x) is positive or negative. See Table 15.

Table 15 X
‘ (%w) “ 4 4 oy

295 Ikx ’Tiﬂ

: "«L

Since we want to know where f(x) is negative or zero, we conclude that
f(x) = 0 for all numbers for which x < —2 or —2 < x = 3, Notice that we do not
include -2 ;1;2 the solution because —2 is not in the domain of f. The solution set of the

+
inequality '(“-—izz)z—gsé! is (x|x < -2or—-2<x =3} or, using interval
X

notation, { —o0, =2) U (=2, 3. Figure 44 shows the graph of the solution set. @
The Role of Multiplicity in Solving Rational Inequalities

In Example 4, we used the number —3 and found that f(x) is negative forall x < -2.
Because the “cut point” of —2 is the result of a zero of even multiplicity, we know
the sign of f(x) will not change on either side of —2,sofor —2 < x < 3, f(x) will also
be negative. Because the “cut point” of 3 is the result of a zero of odd multiplicity,
the sign of f{x) will change on either side of 3, so for x > 3, f(x) will be positive.
3% + 13x + 9

(x +2)?

using interval notation, (=00, —=2) U (—2,3].

Therefore, the solution set of - =3is{x|x < —2or-2 < x = 3}or,
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