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Section 4.4 – Polynomial and Rational Inequalities 
 

Solving a Quadratic Inequality 
 

In this section, you will solve inequalities that involve polynomials of degree 2 and higher, along with inequalities 
that involve rational functions.  The approach follows the same methodology that we used to solve inequalities 
involving quadratic functions in Section 3.5. 
 

To solve these polynomial inequalities rearrange them so that the polynomial is on the left side and 0 is on the 
right side.  Factor the polynomial, use the zeros to divide the real number line into intervals, choose test numbers 
in each interval, and evaluate each factor to see if it is positive or negative. 
 

Example 1:  Solve 020xx2   

          Old method: 

0)5x()4x(      Both factors are positive or negative 

04x   and  05x     OR   04x   and  05x   

4x   and 5x           4x   and 5x   

=> 5x                 => 4x         => The solution is }5xor4x|x{   
 

   
                       
 

OR:     New method:           

       0)5x()4x(         Separate the number line into three intervals based on the zeros 

 Zeros at:                       4x    5x4      x5  

 0)5x()4x(           4x                                           

=> 04x   or  05x         5x                                                

         4x    or   5x        )5x()4x(                                        

         You want 020xx2  , so circle the columns with the positive (+) sign in the bottom row.  

          =>  The solution is }5xor4x|x{  .   
 

Graph: 
                        
          

Example 2:  Solve 10x3x2   

010x3x2        Separate the number line into three intervals based on the zeros 

0)2x()5x(               2x    5x2      x5  

Zeros at:              2x                                      

0)2x()5x(          5x                                       

     => 05x    or  02x     )2x()5x(                                    

     5x   or  2x   
 

     You want 010x3x2  , so circle the column with the negative )(   sign in the bottom row.   

     You can have equality, so include the endpoints.   =>  The solution is }5x2|x{  . 
 

 
                            

          
 
But what if the equation has no real solution? 
 

Theorem:  If p is a polynomial and the polynomial equation 0)x(p   has no real solutions, the polynomial is  

  either always positive or always negative. 
 

Example 3:  02xx2   has no real solutions (discriminant 7ac4b2  ). 

It is a parabola that opens upward (since the coefficient on the 
2x  term is positive). 

          Test a point, say, x = 0:  2)0(p  , a positive number 

=> By the theorem, 02xx2   for all x. 

Graph: 

Graph: 



Math Analysis – Precalculus, Sullivan 10th Edition 

Ch4Sec4                          2      11/3/2019 

0 2 4 6 80–2–4–6–8

Section 4.4 – Polynomial and Rational Inequalities (continued)  
 

Example 4:   Solve the inequality 25 xx  . 

                      0xx 25   

0)1x(x 32   

0)1xx()1x(x 22   

          Zeros at: 0)1xx()1x(x 22    

  0x2     or  01x   or  01xx 2   

                  0x    or  1x     discriminant:                    use the Theorem (on Pg 1):  

                             )1()1(41ac4b 22     0disc               test  x = 0:  

                                        41        no real solution     100)0(p 2   

                                        3                              10    

 1      

 0  

                             So, by the theorem, 1xx2   is always positive (no zero). 
           
          Separate the number line into three intervals based on the zeros: 

0x      1x0      x1  

                        2x                          

                       1x                           

                    1xx2                          

             )1xx()1x(x 22                          
 

   You want 0)1xx()1x(x 22  , so circle the columns with a negative )(   sign in the  

bottom row.  You can have equality, so include the endpoints.  Thus, for 25 xx  ,  the solution  

is   1xx   in set notation  or   1,  in interval notation. 

 

           Graph: 
                            

 
 
 

Follow a similar process for solving a rational inequality.  The sign of a rational expression depends on the sign of 
its numerator and the sign of its denominator. 
 

Example 5:  Solve 0
)1x(

)x4()2x(

2





.    Domain:  1xx   

          Numerator Zeros at: 0)x4()2x(   or  Denominator Zeros at: 0)1x( 2   

02x    or  0x4   or  01x   

2x    or  4x    or  1x   

 
Separate the real number line into intervals using the zeros of the numerator and the denominator  
 

2x     1x2     4x1      x4  

                       2x                                  

                       x4                                   

                      2)1x(                                 

2)1x(

)x4()2x(




                                 

 

   You want 0
)1x(

)x4()2x(
2





, so circle the columns with a positive (+) sign in the bottom row. 

Recall: 

)baba)(ba(ba 2233 
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Section 4.4 – Polynomial and Rational Inequalities (continued)  
 

Example 5:  (continued) 

   Thus, 0
)1x(

)x4()2x(

2





  has the solution  1x,4x2x  .  

 
           Graph: 

                                  
 

 
 
 
Steps for Solving Polynomial and Rational Inequalities: 

1) Write the inequality so that a polynomial or rational expression )x(f  is on the left side and zero is on the 

right side in one of the following forms: 

        0)x(f      0)x(f      0)x(f      0)x(f   

For rational expressions, be sure that the left side is written as a single quotient, and find the domain of f. 
 

2) Determine the numbers at which the expression )x(f  on the left side equals zero and, if the expression is 

rational, the numbers at which the expression )x(f  on the left side is undefined. 

 
3) Use the numbers found in step 2 to separate the real number line into intervals. 
 

4) Select a number C in each interval and evaluate )x(f  at the number. 

a) If the value of )C(f  is positive, then 0)x(f   for all numbers x in the interval. 

b) If the value of )C(f  is negative, then 0)x(f   for all numbers x in the interval. 

If the inequality is not strict ( or )  , include the solutions of 0)x(f   that are in the domain of f in the 

solution set.  Be careful to exclude values of x where f is undefined. 
 
 
 
The following are Example 2 and  Example 4 from the textbook. 
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Section 4.4 – Polynomial and Rational Inequalities (continued)  
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Section 4.4 – Polynomial and Rational Inequalities (continued)  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
All material has been taken from Precalculus, by M. Sullivan, 10th Edition 


